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The presence of global conserved quantities in interacting systems generically leads to diffusive transport at
late times. Here, we show that systems conserving the dipole moment of an associated global charge, or even
higher moment generalizations thereof, escape this scenario, displaying subdiffusive decay instead. Modelling
the time evolution as cellular automata for specific cases of dipole- and quadrupole-conservation, we numeri-
cally find distinct anomalous exponents of the late time relaxation. We explain these findings by analytically
constructing a general hydrodynamic model that results in a series of exponents depending on the number of
conserved moments, yielding an accurate description of the scaling form of charge correlation functions. We
analyze the spatial profile of the correlations and discuss potential experimentally relevant signatures of higher
moment conservation.
Introduction.– Thermal equilibrium of generic systems is
characterized by a finite number of conserved quantities, such
as energy, particle number or charge. A coarse grained
nonequilibrium time evolution that irreversibly leads to such
an equilibrium state is therefore expected to be dominated by
transport of these quantities at late times, smoothing out inho-
mogeneities of the initial state [1]. This framework also ex-
tends to closed, interacting quantum systems, where the corre-
sponding time scale of transport, separating ‘early’ and ‘late’
times, is usually marked by the onset of local thermalization.
A phenomenological description of the ensuing dynamics can
then be given in terms of a classical hydrodynamic descrip-
tion, with quantum properties merely entering the effective
diffusion constant [2–10].
A particularly intriguing set of conserved quantities arises
in the presence of a global U(1) charge together with the con-
servation of one or several of its higher moments, such as
dipole- or quadrupole-moment. These higher-moment con-
serving models have attracted much attention in the context
of fractons [11–17], and are realizable in synthetic quantum
matter [18] or solid state systems [19]. In particular, the inter-
twined relation between the internal charge conservation law
and its dipole moment has recently been shown to have sig-
nificant impact on nonequilibrium properties [20–27]. In the
most severe cases, for short-ranged interactions and low spin
representations, the system fails to thermalize due to a strong
fragmentation of the many-body Hilbert space into exponen-
tially many disconnected sectors [21, 22], giving rise to statis-
tically localized integrals of motion [27].
In this work, we study late time transport in ergodic models
of dipole- and even higher moment conserving 1D systems.
We avoid strong Hilbert space fragmentation by including
longer range interactions and higher spin representations.
Building on the intuition of an effective classical description
in the regime of incoherent transport, we employ a cellular
automaton approach to numerically study the long time
dynamics (see e.g. [28–30] for related approaches). For
our systems, we find a cascade of exponents describing an
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1<latexit sha1_base64="Crkwr8YjTksFtBn0YlNQ9zW9J38=">AAAITXicvVXLbtNQEJ22QNLwaAtLNoYUCaQ0so0KRQip4iU2SEWQtlJSIdu5 Sa34EWwnTYjyCWxB4qdY8yHsKsS5YzuvKqaAgi3n3jtz5szTsdl27DBS1e9LyysXLl7K5VcLl69cvba2vnF9P/Q7gSUqlu/4waFphMKxPVGJ7MgRh+1AGK7piAOz9UzqD7oiCG3fexf12+LINZqe3bAtI4Lo7aa2+X69qJZVvpSzGy3ZFCm59vyNla9Uozr5ZFGHXBLkUYS9QwaFuKukkUptyErUg9 yHxqeAnsCmSzY0ISwMtgzpiAbYB0DbzCFoSAXwd6ATwBqQtvDbxKmaSKetxx6GpNAdPC+Z0QRaRiawD7Ge4vnIsuZcDwNmlln0sZpgXGXG15BHdAzE7yzdBJnGch5LExEaOAsg52c/4Bq1kEN2hSJq0A5XxkaubZbImlmjmJ5DE0DWYo1CLxjZBIfJ5y6q6WGtIBvZ1ZRB4erVsRq8CmbxEkaZQYA1 jtLIyEPayMmxmdfNzLk31d8CIz1oTljucr1lLDXEHs+ezLzGPkJwBuwh7sGAUZKtPuqwPA2oCLsh34UMH9K+zRX5gBoNcZbItCtVsBmcg8P1FJj4LbwJZXpAOk49jqzA747s9wnqVkWWct+HTqG7QJcSG40e0T3ItnDHmjLdn9E+PgdbFtcsUwNxO1ydMePk+2ty7rI7JehS9KT8FnLdnvIu/QrGxW+ +GEWgAptOksISHbeMRVlINGnOfxeRnIys+ZucjeOFzMa48/NmZBLxJ1Mi88yaO/2/zErqfzujQzp6ON0hFfidBU5N6Z+jSiYH31lt9qt6drOvlzW1rL3Ri7tPky9unm7SbXjS6CHt0ivaw/+yhR5+os/0Jfct9yN3mvsZQ5eXEpsbNHXlc78Ar0FtIg==</latexit><latexit sha1_base64="Crkwr8YjTksFtBn0YlNQ9zW9J38=">AAAITXicvVXLbtNQEJ22QNLwaAtLNoYUCaQ0so0KRQip4iU2SEWQtlJSIdu5 Sa34EWwnTYjyCWxB4qdY8yHsKsS5YzuvKqaAgi3n3jtz5szTsdl27DBS1e9LyysXLl7K5VcLl69cvba2vnF9P/Q7gSUqlu/4waFphMKxPVGJ7MgRh+1AGK7piAOz9UzqD7oiCG3fexf12+LINZqe3bAtI4Lo7aa2+X69qJZVvpSzGy3ZFCm59vyNla9Uozr5ZFGHXBLkUYS9QwaFuKukkUptyErUg9 yHxqeAnsCmSzY0ISwMtgzpiAbYB0DbzCFoSAXwd6ATwBqQtvDbxKmaSKetxx6GpNAdPC+Z0QRaRiawD7Ge4vnIsuZcDwNmlln0sZpgXGXG15BHdAzE7yzdBJnGch5LExEaOAsg52c/4Bq1kEN2hSJq0A5XxkaubZbImlmjmJ5DE0DWYo1CLxjZBIfJ5y6q6WGtIBvZ1ZRB4erVsRq8CmbxEkaZQYA1 jtLIyEPayMmxmdfNzLk31d8CIz1oTljucr1lLDXEHs+ezLzGPkJwBuwh7sGAUZKtPuqwPA2oCLsh34UMH9K+zRX5gBoNcZbItCtVsBmcg8P1FJj4LbwJZXpAOk49jqzA747s9wnqVkWWct+HTqG7QJcSG40e0T3ItnDHmjLdn9E+PgdbFtcsUwNxO1ydMePk+2ty7rI7JehS9KT8FnLdnvIu/QrGxW+ +GEWgAptOksISHbeMRVlINGnOfxeRnIys+ZucjeOFzMa48/NmZBLxJ1Mi88yaO/2/zErqfzujQzp6ON0hFfidBU5N6Z+jSiYH31lt9qt6drOvlzW1rL3Ri7tPky9unm7SbXjS6CHt0ivaw/+yhR5+os/0Jfct9yN3mvsZQ5eXEpsbNHXlc78Ar0FtIg==</latexit><latexit sha1_base64="Crkwr8YjTksFtBn0YlNQ9zW9J38=">AAAITXicvVXLbtNQEJ22QNLwaAtLNoYUCaQ0so0KRQip4iU2SEWQtlJSIdu5 Sa34EWwnTYjyCWxB4qdY8yHsKsS5YzuvKqaAgi3n3jtz5szTsdl27DBS1e9LyysXLl7K5VcLl69cvba2vnF9P/Q7gSUqlu/4waFphMKxPVGJ7MgRh+1AGK7piAOz9UzqD7oiCG3fexf12+LINZqe3bAtI4Lo7aa2+X69qJZVvpSzGy3ZFCm59vyNla9Uozr5ZFGHXBLkUYS9QwaFuKukkUptyErUg9 yHxqeAnsCmSzY0ISwMtgzpiAbYB0DbzCFoSAXwd6ATwBqQtvDbxKmaSKetxx6GpNAdPC+Z0QRaRiawD7Ge4vnIsuZcDwNmlln0sZpgXGXG15BHdAzE7yzdBJnGch5LExEaOAsg52c/4Bq1kEN2hSJq0A5XxkaubZbImlmjmJ5DE0DWYo1CLxjZBIfJ5y6q6WGtIBvZ1ZRB4erVsRq8CmbxEkaZQYA1 jtLIyEPayMmxmdfNzLk31d8CIz1oTljucr1lLDXEHs+ezLzGPkJwBuwh7sGAUZKtPuqwPA2oCLsh34UMH9K+zRX5gBoNcZbItCtVsBmcg8P1FJj4LbwJZXpAOk49jqzA747s9wnqVkWWct+HTqG7QJcSG40e0T3ItnDHmjLdn9E+PgdbFtcsUwNxO1ydMePk+2ty7rI7JehS9KT8FnLdnvIu/QrGxW+ +GEWgAptOksISHbeMRVlINGnOfxeRnIys+ZucjeOFzMa48/NmZBLxJ1Mi88yaO/2/zErqfzujQzp6ON0hFfidBU5N6Z+jSiYH31lt9qt6drOvlzW1rL3Ri7tPky9unm7SbXjS6CHt0ivaw/+yhR5+os/0Jfct9yN3mvsZQ5eXEpsbNHXlc78Ar0FtIg==</latexit><latexit sha1_base64="Crkwr8YjTksFtBn0YlNQ9zW9J38=">AAAITXicvVXLbtNQEJ22QNLwaAtLNoYUCaQ0so0KRQip4iU2SEWQtlJSIdu5 Sa34EWwnTYjyCWxB4qdY8yHsKsS5YzuvKqaAgi3n3jtz5szTsdl27DBS1e9LyysXLl7K5VcLl69cvba2vnF9P/Q7gSUqlu/4waFphMKxPVGJ7MgRh+1AGK7piAOz9UzqD7oiCG3fexf12+LINZqe3bAtI4Lo7aa2+X69qJZVvpSzGy3ZFCm59vyNla9Uozr5ZFGHXBLkUYS9QwaFuKukkUptyErUg9 yHxqeAnsCmSzY0ISwMtgzpiAbYB0DbzCFoSAXwd6ATwBqQtvDbxKmaSKetxx6GpNAdPC+Z0QRaRiawD7Ge4vnIsuZcDwNmlln0sZpgXGXG15BHdAzE7yzdBJnGch5LExEaOAsg52c/4Bq1kEN2hSJq0A5XxkaubZbImlmjmJ5DE0DWYo1CLxjZBIfJ5y6q6WGtIBvZ1ZRB4erVsRq8CmbxEkaZQYA1 jtLIyEPayMmxmdfNzLk31d8CIz1oTljucr1lLDXEHs+ezLzGPkJwBuwh7sGAUZKtPuqwPA2oCLsh34UMH9K+zRX5gBoNcZbItCtVsBmcg8P1FJj4LbwJZXpAOk49jqzA747s9wnqVkWWct+HTqG7QJcSG40e0T3ItnDHmjLdn9E+PgdbFtcsUwNxO1ydMePk+2ty7rI7JehS9KT8FnLdnvIu/QrGxW+ +GEWgAptOksISHbeMRVlINGnOfxeRnIys+ZucjeOFzMa48/NmZBLxJ1Mi88yaO/2/zErqfzujQzp6ON0hFfidBU5N6Z+jSiYH31lt9qt6drOvlzW1rL3Ri7tPky9unm7SbXjS6CHt0ivaw/+yhR5+os/0Jfct9yN3mvsZQ5eXEpsbNHXlc78Ar0FtIg==</latexit>
2<latexit sha1_base64="pVLF7SpMeR2FaaRb5rbdBX5TB+0=">AAAITXicvVXLbtNQEJ22gNPwaAtLNoYUCaQ0so0KRQip4iU2SEWQtlJS ITu5Sa34he2kCVE+gS1I/BRrPoRdhTh3YudVxRRQsOXce2fOnHk6tgLHjmJN+760vHLh4iUlt5q/fOXqtbX1jev7kd8Oa6Jc8x0/PLTMSDi2J8qxHTviMAiF6VqOOLBaz6T+oCPCyPa9d3EvEEeu2fTshl0zY4jebhqb79cLWknjSz270ZNNgZJrz99Y+UpVqpNPNWqTS4I8irF3yKQId4V 00iiArEhdyH1ofArpCWw6ZEMTwcJky4iOqI99CLTNHIIGlAd/GzoBrAlpC79NnCqJdNp67GFAKt3B85IZLaBlZAL7COspno8sa8710GdmmUUPqwXGVWZ8DXlMx0D8ztJNkGks57G0EKGJswByfvZ9rlELOWRXKKYG7XBlbOQasETWrDaK6Tk0IWQt1qj0gpFNcFh87qCaHtYyspFdTRlUrl 4dq8mrYBYvYZQZhFiHUZoZeUgbOTk287qZOXen+ptnpAfNCctdrreMpYrYh7MnM6+yjwicIXsY9qDPKMlWH3VYnvpUgN2A73yGD2kfcEU+oEYDnCUy7UoFbCbn4HA9BSZ+C29CiR6QgVOXI8vzuyP7fYK6VZCl3PegU+ku0MXERqdHdA+yLdxDTYnuz2gfn4Mti2uWqYG4Ha7OmHHy/bU4d 9mdInQpelJ+C7luT3mXfgXjhm++GEWgAZtOksoSA7eMRV1INGnOfxeRnIys+ZucjeOFzMa48/NmZBLxJ1Mi88yaO+O/zErqfzujQwZ6ON0hDfidBU5N8Z+jSiYH31l99qt6drNvlHStpL8xCrtPky9ujm7SbXjS6SHt0ivaw/9yDT38RJ/pi/JN+aGcKj+H0OWlxOYGTV055Re3KW0j</la texit><latexit sha1_base64="pVLF7SpMeR2FaaRb5rbdBX5TB+0=">AAAITXicvVXLbtNQEJ22gNPwaAtLNoYUCaQ0so0KRQip4iU2SEWQtlJS ITu5Sa34he2kCVE+gS1I/BRrPoRdhTh3YudVxRRQsOXce2fOnHk6tgLHjmJN+760vHLh4iUlt5q/fOXqtbX1jev7kd8Oa6Jc8x0/PLTMSDi2J8qxHTviMAiF6VqOOLBaz6T+oCPCyPa9d3EvEEeu2fTshl0zY4jebhqb79cLWknjSz270ZNNgZJrz99Y+UpVqpNPNWqTS4I8irF3yKQId4V 00iiArEhdyH1ofArpCWw6ZEMTwcJky4iOqI99CLTNHIIGlAd/GzoBrAlpC79NnCqJdNp67GFAKt3B85IZLaBlZAL7COspno8sa8710GdmmUUPqwXGVWZ8DXlMx0D8ztJNkGks57G0EKGJswByfvZ9rlELOWRXKKYG7XBlbOQasETWrDaK6Tk0IWQt1qj0gpFNcFh87qCaHtYyspFdTRlUrl 4dq8mrYBYvYZQZhFiHUZoZeUgbOTk287qZOXen+ptnpAfNCctdrreMpYrYh7MnM6+yjwicIXsY9qDPKMlWH3VYnvpUgN2A73yGD2kfcEU+oEYDnCUy7UoFbCbn4HA9BSZ+C29CiR6QgVOXI8vzuyP7fYK6VZCl3PegU+ku0MXERqdHdA+yLdxDTYnuz2gfn4Mti2uWqYG4Ha7OmHHy/bU4d 9mdInQpelJ+C7luT3mXfgXjhm++GEWgAZtOksoSA7eMRV1INGnOfxeRnIys+ZucjeOFzMa48/NmZBLxJ1Mi88yaO+O/zErqfzujQwZ6ON0hDfidBU5N8Z+jSiYH31l99qt6drNvlHStpL8xCrtPky9ujm7SbXjS6SHt0ivaw/9yDT38RJ/pi/JN+aGcKj+H0OWlxOYGTV055Re3KW0j</la texit><latexit sha1_base64="pVLF7SpMeR2FaaRb5rbdBX5TB+0=">AAAITXicvVXLbtNQEJ22gNPwaAtLNoYUCaQ0so0KRQip4iU2SEWQtlJS ITu5Sa34he2kCVE+gS1I/BRrPoRdhTh3YudVxRRQsOXce2fOnHk6tgLHjmJN+760vHLh4iUlt5q/fOXqtbX1jev7kd8Oa6Jc8x0/PLTMSDi2J8qxHTviMAiF6VqOOLBaz6T+oCPCyPa9d3EvEEeu2fTshl0zY4jebhqb79cLWknjSz270ZNNgZJrz99Y+UpVqpNPNWqTS4I8irF3yKQId4V 00iiArEhdyH1ofArpCWw6ZEMTwcJky4iOqI99CLTNHIIGlAd/GzoBrAlpC79NnCqJdNp67GFAKt3B85IZLaBlZAL7COspno8sa8710GdmmUUPqwXGVWZ8DXlMx0D8ztJNkGks57G0EKGJswByfvZ9rlELOWRXKKYG7XBlbOQasETWrDaK6Tk0IWQt1qj0gpFNcFh87qCaHtYyspFdTRlUrl 4dq8mrYBYvYZQZhFiHUZoZeUgbOTk287qZOXen+ptnpAfNCctdrreMpYrYh7MnM6+yjwicIXsY9qDPKMlWH3VYnvpUgN2A73yGD2kfcEU+oEYDnCUy7UoFbCbn4HA9BSZ+C29CiR6QgVOXI8vzuyP7fYK6VZCl3PegU+ku0MXERqdHdA+yLdxDTYnuz2gfn4Mti2uWqYG4Ha7OmHHy/bU4d 9mdInQpelJ+C7luT3mXfgXjhm++GEWgAZtOksoSA7eMRV1INGnOfxeRnIys+ZucjeOFzMa48/NmZBLxJ1Mi88yaO+O/zErqfzujQwZ6ON0hDfidBU5N8Z+jSiYH31l99qt6drNvlHStpL8xCrtPky9ujm7SbXjS6SHt0ivaw/9yDT38RJ/pi/JN+aGcKj+H0OWlxOYGTV055Re3KW0j</la texit><latexit sha1_base64="pVLF7SpMeR2FaaRb5rbdBX5TB+0=">AAAITXicvVXLbtNQEJ22gNPwaAtLNoYUCaQ0so0KRQip4iU2SEWQtlJS ITu5Sa34he2kCVE+gS1I/BRrPoRdhTh3YudVxRRQsOXce2fOnHk6tgLHjmJN+760vHLh4iUlt5q/fOXqtbX1jev7kd8Oa6Jc8x0/PLTMSDi2J8qxHTviMAiF6VqOOLBaz6T+oCPCyPa9d3EvEEeu2fTshl0zY4jebhqb79cLWknjSz270ZNNgZJrz99Y+UpVqpNPNWqTS4I8irF3yKQId4V 00iiArEhdyH1ofArpCWw6ZEMTwcJky4iOqI99CLTNHIIGlAd/GzoBrAlpC79NnCqJdNp67GFAKt3B85IZLaBlZAL7COspno8sa8710GdmmUUPqwXGVWZ8DXlMx0D8ztJNkGks57G0EKGJswByfvZ9rlELOWRXKKYG7XBlbOQasETWrDaK6Tk0IWQt1qj0gpFNcFh87qCaHtYyspFdTRlUrl 4dq8mrYBYvYZQZhFiHUZoZeUgbOTk287qZOXen+ptnpAfNCctdrreMpYrYh7MnM6+yjwicIXsY9qDPKMlWH3VYnvpUgN2A73yGD2kfcEU+oEYDnCUy7UoFbCbn4HA9BSZ+C29CiR6QgVOXI8vzuyP7fYK6VZCl3PegU+ku0MXERqdHdA+yLdxDTYnuz2gfn4Mti2uWqYG4Ha7OmHHy/bU4d 9mdInQpelJ+C7luT3mXfgXjhm++GEWgAZtOksoSA7eMRV1INGnOfxeRnIys+ZucjeOFzMa48/NmZBLxJ1Mi88yaO+O/zErqfzujQwZ6ON0hDfidBU5N8Z+jSiYH31l99qt6drNvlHStpL8xCrtPky9ujm7SbXjS6SHt0ivaw/9yDT38RJ/pi/JN+aGcKj+H0OWlxOYGTV055Re3KW0j</la texit>
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<latexit sha1_base64="JQvlw0309N+brPg+9xnOZXs71VE=">AAAIT3icvVXJbtNQFL1tgQxMLSzZGFIkkNLIN ioUoUoVk9ggFYm0lZIK2c5LasUTtpMmRPkGtsBfseRL2CDEeTd2piqmgIIt571377nnjo7NwLGjWFW/rayuXbh4KZcvFC9fuXrt+vrGjYPI74SWqFq+44dHphEJx/ZENbZjRxwFoTBc0xGHZvuZ1B92RRjZvvc27gfi2DVant20LSOGqL rp7mqb79ZLakXlSzm70ZJNiZJr399Y+0J1apBPFnXIJUEexdg7ZFCEu0YaqRRAVqYe5D40PoW0C5su2dBEsDDYMqJjGmAfAm0zh6AhFcHfgU4Aa0Daxm8Lp1oinbWeeBiSQnfxvGRGE2gZmcA+wvoDzweWtRZ6GDCzzKKP1QRjgRlfQx7 TCRC/s3QTZBrLeSxNRGjgLIBcnP2Aa9RGDtkViqlJO1wZG7kGLJE1s8YxPYcmhKzNGoVeMLIFDpPPXVTTw1pFNrKrKYPC1WtgNXgVzOIljDKDEOsoSiMjD2kjJ8dmXjcz595Mf4uM9KA5ZbnL9Zax1BH7aPZk5nX2EYEzZA+jHgwYJdka 4w7L04BKsBvyXczwIe0Drsh71GiIs0SmXamBzeAcHK6nwMRv4U2o0EPScepxZEV+d2S/T1G3GrKU+z50Ct0DupzYaPSY7kO2hXukqdCDOe2Tc7Blcc0zNRG3w9WZME6/vybnLrtThi5FT8tvI9ftGe/Sr2Dc6M0X4whUYNNJUlii45axK EuJJs357yKSk5E1f9OzcbKU2Zh0ftGMTCP+ZEpknllzp/+XWUn9b2d0SEcPZzukAr+zxKkp/3NUyeTgO6vNf1XPbg70iqZWtDd6ae9p8sXN0y26A08aPaI9ekX7+F+2EMNH+kSfc19z33M/8wl0dSXZ3KSZK1/4BSbEbOE=</latexit><latexit sha1_base64="JQvlw0309N+brPg+9xnOZXs71VE=">AAAIT3icvVXJbtNQFL1tgQxMLSzZGFIkkNLIN ioUoUoVk9ggFYm0lZIK2c5LasUTtpMmRPkGtsBfseRL2CDEeTd2piqmgIIt571377nnjo7NwLGjWFW/rayuXbh4KZcvFC9fuXrt+vrGjYPI74SWqFq+44dHphEJx/ZENbZjRxwFoTBc0xGHZvuZ1B92RRjZvvc27gfi2DVant20LSOGqL rp7mqb79ZLakXlSzm70ZJNiZJr399Y+0J1apBPFnXIJUEexdg7ZFCEu0YaqRRAVqYe5D40PoW0C5su2dBEsDDYMqJjGmAfAm0zh6AhFcHfgU4Aa0Daxm8Lp1oinbWeeBiSQnfxvGRGE2gZmcA+wvoDzweWtRZ6GDCzzKKP1QRjgRlfQx7 TCRC/s3QTZBrLeSxNRGjgLIBcnP2Aa9RGDtkViqlJO1wZG7kGLJE1s8YxPYcmhKzNGoVeMLIFDpPPXVTTw1pFNrKrKYPC1WtgNXgVzOIljDKDEOsoSiMjD2kjJ8dmXjcz595Mf4uM9KA5ZbnL9Zax1BH7aPZk5nX2EYEzZA+jHgwYJdka 4w7L04BKsBvyXczwIe0Drsh71GiIs0SmXamBzeAcHK6nwMRv4U2o0EPScepxZEV+d2S/T1G3GrKU+z50Ct0DupzYaPSY7kO2hXukqdCDOe2Tc7Blcc0zNRG3w9WZME6/vybnLrtThi5FT8tvI9ftGe/Sr2Dc6M0X4whUYNNJUlii45axK EuJJs357yKSk5E1f9OzcbKU2Zh0ftGMTCP+ZEpknllzp/+XWUn9b2d0SEcPZzukAr+zxKkp/3NUyeTgO6vNf1XPbg70iqZWtDd6ae9p8sXN0y26A08aPaI9ekX7+F+2EMNH+kSfc19z33M/8wl0dSXZ3KSZK1/4BSbEbOE=</latexit><latexit sha1_base64="JQvlw0309N+brPg+9xnOZXs71VE=">AAAIT3icvVXJbtNQFL1tgQxMLSzZGFIkkNLIN ioUoUoVk9ggFYm0lZIK2c5LasUTtpMmRPkGtsBfseRL2CDEeTd2piqmgIIt571377nnjo7NwLGjWFW/rayuXbh4KZcvFC9fuXrt+vrGjYPI74SWqFq+44dHphEJx/ZENbZjRxwFoTBc0xGHZvuZ1B92RRjZvvc27gfi2DVant20LSOGqL rp7mqb79ZLakXlSzm70ZJNiZJr399Y+0J1apBPFnXIJUEexdg7ZFCEu0YaqRRAVqYe5D40PoW0C5su2dBEsDDYMqJjGmAfAm0zh6AhFcHfgU4Aa0Daxm8Lp1oinbWeeBiSQnfxvGRGE2gZmcA+wvoDzweWtRZ6GDCzzKKP1QRjgRlfQx7 TCRC/s3QTZBrLeSxNRGjgLIBcnP2Aa9RGDtkViqlJO1wZG7kGLJE1s8YxPYcmhKzNGoVeMLIFDpPPXVTTw1pFNrKrKYPC1WtgNXgVzOIljDKDEOsoSiMjD2kjJ8dmXjcz595Mf4uM9KA5ZbnL9Zax1BH7aPZk5nX2EYEzZA+jHgwYJdka 4w7L04BKsBvyXczwIe0Drsh71GiIs0SmXamBzeAcHK6nwMRv4U2o0EPScepxZEV+d2S/T1G3GrKU+z50Ct0DupzYaPSY7kO2hXukqdCDOe2Tc7Blcc0zNRG3w9WZME6/vybnLrtThi5FT8tvI9ftGe/Sr2Dc6M0X4whUYNNJUlii45axK EuJJs357yKSk5E1f9OzcbKU2Zh0ftGMTCP+ZEpknllzp/+XWUn9b2d0SEcPZzukAr+zxKkp/3NUyeTgO6vNf1XPbg70iqZWtDd6ae9p8sXN0y26A08aPaI9ekX7+F+2EMNH+kSfc19z33M/8wl0dSXZ3KSZK1/4BSbEbOE=</latexit><latexit sha1_base64="JQvlw0309N+brPg+9xnOZXs71VE=">AAAIT3icvVXJbtNQFL1tgQxMLSzZGFIkkNLIN ioUoUoVk9ggFYm0lZIK2c5LasUTtpMmRPkGtsBfseRL2CDEeTd2piqmgIIt571377nnjo7NwLGjWFW/rayuXbh4KZcvFC9fuXrt+vrGjYPI74SWqFq+44dHphEJx/ZENbZjRxwFoTBc0xGHZvuZ1B92RRjZvvc27gfi2DVant20LSOGqL rp7mqb79ZLakXlSzm70ZJNiZJr399Y+0J1apBPFnXIJUEexdg7ZFCEu0YaqRRAVqYe5D40PoW0C5su2dBEsDDYMqJjGmAfAm0zh6AhFcHfgU4Aa0Daxm8Lp1oinbWeeBiSQnfxvGRGE2gZmcA+wvoDzweWtRZ6GDCzzKKP1QRjgRlfQx7 TCRC/s3QTZBrLeSxNRGjgLIBcnP2Aa9RGDtkViqlJO1wZG7kGLJE1s8YxPYcmhKzNGoVeMLIFDpPPXVTTw1pFNrKrKYPC1WtgNXgVzOIljDKDEOsoSiMjD2kjJ8dmXjcz595Mf4uM9KA5ZbnL9Zax1BH7aPZk5nX2EYEzZA+jHgwYJdka 4w7L04BKsBvyXczwIe0Drsh71GiIs0SmXamBzeAcHK6nwMRv4U2o0EPScepxZEV+d2S/T1G3GrKU+z50Ct0DupzYaPSY7kO2hXukqdCDOe2Tc7Blcc0zNRG3w9WZME6/vybnLrtThi5FT8tvI9ftGe/Sr2Dc6M0X4whUYNNJUlii45axK EuJJs357yKSk5E1f9OzcbKU2Zh0ftGMTCP+ZEpknllzp/+XWUn9b2d0SEcPZzukAr+zxKkp/3NUyeTgO6vNf1XPbg70iqZWtDd6ae9p8sXN0y26A08aPaI9ekX7+F+2EMNH+kSfc19z33M/8wl0dSXZ3KSZK1/4BSbEbOE=</latexit>
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<latexit sha1_base64="p480U+oX5UFRyD6RXcDeVsJB3VI=">AAAIVHicvVVtb9JQFD4bThjq3PSjX6rMRBOGLTq dMSaLb/GLyUxkW4Rp2nJhDX2zLQwk/As/mejPMvG/7IPPPbS8LdSpwTbl3nvOc57zWmr4thVGqvpzaTlzYeViNreav3T5ytrV9Y1r+6HXDkxRMT3bCw4NPRS25YpKZEW2OPQDoTuGLQ6M1nOpP+iIILQ8913U88WRozddq2GZegTR+83oQ39L u/dgsPlxvaCWVL6Usxst3hQovva8jcxXqlGdPDKpTQ4JcinC3iadQtxV0kglH7IidSH3oPEooKew6ZAFTQgLnS1DOqI+9gHQFnMIGlAe/G3oBLA6pC38NnGqxtJp67GHASl0G88rZjSAlpEJ7EOsp3g+s6w510OfmWUWPawGGFeZ8Q3kER0D8T tLJ0YmsZzH0kCEOs4CyPnZ97lGLeSQXqGIGrTDlbGQq88SWTNzFNMLaALIWqxR6CUjm+Aw+NxBNV2sFWQju5owKFy9OladV8EsbswoMwiwDqPUU/KQNnJyLOZ1UnPuTvU3z0gXmhOWO1xvGUsNsQ9nT2ZeYx8hOAP2MOxBn1GSrT7qsDz1qQC 7Ad/5FB/S3ueKfEKNBjhLZNKVKth0zsHmegpM/BbehBI9pDJOXY4sz++O7PcJ6lZFlnLfg06hO0AXYxuNHtNdyLZwDzUluj+jfXIOtjSuWaYG4ra5OmPGyffX4Nxld4rQJehJ+U3kuj3lXfoVjBu++WIUgQpsMkkKS8q4ZSzKQqJJcv67iORk pM3f5GwcL2Q2xp2fNyOTiD+ZEpln2tyV/8usJP63UzpURg+nO6QCv7PAqSn+c1Tx5OA7q81+Vc9u9sslTS1pb8uF3WfxFzdHN+gWPGn0iHbpNe3hf9mEry/0jb5nf2RPc5ncyhC6vBTbXKepK7f2Cz4WbcQ=</latexit><latexit sha1_base64="p480U+oX5UFRyD6RXcDeVsJB3VI=">AAAIVHicvVVtb9JQFD4bThjq3PSjX6rMRBOGLTq dMSaLb/GLyUxkW4Rp2nJhDX2zLQwk/As/mejPMvG/7IPPPbS8LdSpwTbl3nvOc57zWmr4thVGqvpzaTlzYeViNreav3T5ytrV9Y1r+6HXDkxRMT3bCw4NPRS25YpKZEW2OPQDoTuGLQ6M1nOpP+iIILQ8913U88WRozddq2GZegTR+83oQ39L u/dgsPlxvaCWVL6Usxst3hQovva8jcxXqlGdPDKpTQ4JcinC3iadQtxV0kglH7IidSH3oPEooKew6ZAFTQgLnS1DOqI+9gHQFnMIGlAe/G3oBLA6pC38NnGqxtJp67GHASl0G88rZjSAlpEJ7EOsp3g+s6w510OfmWUWPawGGFeZ8Q3kER0D8T tLJ0YmsZzH0kCEOs4CyPnZ97lGLeSQXqGIGrTDlbGQq88SWTNzFNMLaALIWqxR6CUjm+Aw+NxBNV2sFWQju5owKFy9OladV8EsbswoMwiwDqPUU/KQNnJyLOZ1UnPuTvU3z0gXmhOWO1xvGUsNsQ9nT2ZeYx8hOAP2MOxBn1GSrT7qsDz1qQC 7Ad/5FB/S3ueKfEKNBjhLZNKVKth0zsHmegpM/BbehBI9pDJOXY4sz++O7PcJ6lZFlnLfg06hO0AXYxuNHtNdyLZwDzUluj+jfXIOtjSuWaYG4ra5OmPGyffX4Nxld4rQJehJ+U3kuj3lXfoVjBu++WIUgQpsMkkKS8q4ZSzKQqJJcv67iORk pM3f5GwcL2Q2xp2fNyOTiD+ZEpln2tyV/8usJP63UzpURg+nO6QCv7PAqSn+c1Tx5OA7q81+Vc9u9sslTS1pb8uF3WfxFzdHN+gWPGn0iHbpNe3hf9mEry/0jb5nf2RPc5ncyhC6vBTbXKepK7f2Cz4WbcQ=</latexit><latexit sha1_base64="p480U+oX5UFRyD6RXcDeVsJB3VI=">AAAIVHicvVVtb9JQFD4bThjq3PSjX6rMRBOGLTq dMSaLb/GLyUxkW4Rp2nJhDX2zLQwk/As/mejPMvG/7IPPPbS8LdSpwTbl3nvOc57zWmr4thVGqvpzaTlzYeViNreav3T5ytrV9Y1r+6HXDkxRMT3bCw4NPRS25YpKZEW2OPQDoTuGLQ6M1nOpP+iIILQ8913U88WRozddq2GZegTR+83oQ39L u/dgsPlxvaCWVL6Usxst3hQovva8jcxXqlGdPDKpTQ4JcinC3iadQtxV0kglH7IidSH3oPEooKew6ZAFTQgLnS1DOqI+9gHQFnMIGlAe/G3oBLA6pC38NnGqxtJp67GHASl0G88rZjSAlpEJ7EOsp3g+s6w510OfmWUWPawGGFeZ8Q3kER0D8T tLJ0YmsZzH0kCEOs4CyPnZ97lGLeSQXqGIGrTDlbGQq88SWTNzFNMLaALIWqxR6CUjm+Aw+NxBNV2sFWQju5owKFy9OladV8EsbswoMwiwDqPUU/KQNnJyLOZ1UnPuTvU3z0gXmhOWO1xvGUsNsQ9nT2ZeYx8hOAP2MOxBn1GSrT7qsDz1qQC 7Ad/5FB/S3ueKfEKNBjhLZNKVKth0zsHmegpM/BbehBI9pDJOXY4sz++O7PcJ6lZFlnLfg06hO0AXYxuNHtNdyLZwDzUluj+jfXIOtjSuWaYG4ra5OmPGyffX4Nxld4rQJehJ+U3kuj3lXfoVjBu++WIUgQpsMkkKS8q4ZSzKQqJJcv67iORk pM3f5GwcL2Q2xp2fNyOTiD+ZEpln2tyV/8usJP63UzpURg+nO6QCv7PAqSn+c1Tx5OA7q81+Vc9u9sslTS1pb8uF3WfxFzdHN+gWPGn0iHbpNe3hf9mEry/0jb5nf2RPc5ncyhC6vBTbXKepK7f2Cz4WbcQ=</latexit><latexit sha1_base64="p480U+oX5UFRyD6RXcDeVsJB3VI=">AAAIVHicvVVtb9JQFD4bThjq3PSjX6rMRBOGLTq dMSaLb/GLyUxkW4Rp2nJhDX2zLQwk/As/mejPMvG/7IPPPbS8LdSpwTbl3nvOc57zWmr4thVGqvpzaTlzYeViNreav3T5ytrV9Y1r+6HXDkxRMT3bCw4NPRS25YpKZEW2OPQDoTuGLQ6M1nOpP+iIILQ8913U88WRozddq2GZegTR+83oQ39L u/dgsPlxvaCWVL6Usxst3hQovva8jcxXqlGdPDKpTQ4JcinC3iadQtxV0kglH7IidSH3oPEooKew6ZAFTQgLnS1DOqI+9gHQFnMIGlAe/G3oBLA6pC38NnGqxtJp67GHASl0G88rZjSAlpEJ7EOsp3g+s6w510OfmWUWPawGGFeZ8Q3kER0D8T tLJ0YmsZzH0kCEOs4CyPnZ97lGLeSQXqGIGrTDlbGQq88SWTNzFNMLaALIWqxR6CUjm+Aw+NxBNV2sFWQju5owKFy9OladV8EsbswoMwiwDqPUU/KQNnJyLOZ1UnPuTvU3z0gXmhOWO1xvGUsNsQ9nT2ZeYx8hOAP2MOxBn1GSrT7qsDz1qQC 7Ad/5FB/S3ueKfEKNBjhLZNKVKth0zsHmegpM/BbehBI9pDJOXY4sz++O7PcJ6lZFlnLfg06hO0AXYxuNHtNdyLZwDzUluj+jfXIOtjSuWaYG4ra5OmPGyffX4Nxld4rQJehJ+U3kuj3lXfoVjBu++WIUgQpsMkkKS8q4ZSzKQqJJcv67iORk pM3f5GwcL2Q2xp2fNyOTiD+ZEpln2tyV/8usJP63UzpURg+nO6QCv7PAqSn+c1Tx5OA7q81+Vc9u9sslTS1pb8uF3WfxFzdHN+gWPGn0iHbpNe3hf9mEry/0jb5nf2RPc5ncyhC6vBTbXKepK7f2Cz4WbcQ=</latexit>
t1/4
<latexit sha1_base64="yKPU+9a5ZETOcLzebnCQUdeEVPE=">AAAIU3icvVVdb9JgFD5jUxg63fTSmyoz0YRhi 05njMniV7wxmYlsMzBNW15YQ2lrWxjY8Cu8M/qzvPC36IXPe2j5WqhTg23K+77nPOc5n6WGZ1tBqKrflzLLK+fOZ3Or+QsX1y5dXt+4sh+4Hd8UFdO1Xf/Q0ANhW46ohFZoi0PPF3rbsMWB0Xoq9Qdd4QeW67wJ+544autNx2pYph5C9HY zfBdpd+4NNt+vF9SSypdyeqPFmwLF1567sfyZalQnl0zqUJsEORRib5NOAe4qaaSSB1mRepC70Ljk02PYdMmCJoCFzpYBHVGEvQ+0xRyCBpQHfwc6AawOaQu/TZyqsXTaeuxhQArdxPOCGQ2gZWQC+wDrTzwfWdac6yFiZplFH6sBxlVm fAV5SMdA/M6yHSOTWM5iaSBCHWcB5PzsI65RCzmkVyikBu1wZSzk6rFE1swcxfQMGh+yFmsUes7IJjgMPndRTQdrBdnIriYMClevjlXnVTCLEzPKDHyswyj1lDykjZwci3nbqTn3pvqbZ6QDzQnL21xvGUsNsQ9nT2ZeYx8BOH32MOxBx CjJVh91WJ4iKsBuwHc+xYe097giH1CjAc4SmXSlCjadc7C5ngITv4U3oUT3qYxTjyPL87sj+32CulWRpdz3oVPoFtDF2Eajh3Qbsi3cQ02J7s5oH52BLY1rlqmBuG2uzphx8v01OHfZnSJ0CXpSfh25bk95l34F44ZvvhhFoAKbTJLCkjJ uGYuykGiSnP8uIjkZafM3ORvHC5mNcefnzcgk4k+mROaZNnfl/zIrif/tlA6V0cPpDqnA7yxwaor/HFU8OfjOarNf1dOb/XJJU0va63Jh90n8xc3RNboBTxo9oF16SXv4XzYxd5/oC33Nfsv+yGVyK0NoZim2uUpTV27tF6y0bY0=</la texit><latexit sha1_base64="yKPU+9a5ZETOcLzebnCQUdeEVPE=">AAAIU3icvVVdb9JgFD5jUxg63fTSmyoz0YRhi 05njMniV7wxmYlsMzBNW15YQ2lrWxjY8Cu8M/qzvPC36IXPe2j5WqhTg23K+77nPOc5n6WGZ1tBqKrflzLLK+fOZ3Or+QsX1y5dXt+4sh+4Hd8UFdO1Xf/Q0ANhW46ohFZoi0PPF3rbsMWB0Xoq9Qdd4QeW67wJ+544autNx2pYph5C9HY zfBdpd+4NNt+vF9SSypdyeqPFmwLF1567sfyZalQnl0zqUJsEORRib5NOAe4qaaSSB1mRepC70Ljk02PYdMmCJoCFzpYBHVGEvQ+0xRyCBpQHfwc6AawOaQu/TZyqsXTaeuxhQArdxPOCGQ2gZWQC+wDrTzwfWdac6yFiZplFH6sBxlVm fAV5SMdA/M6yHSOTWM5iaSBCHWcB5PzsI65RCzmkVyikBu1wZSzk6rFE1swcxfQMGh+yFmsUes7IJjgMPndRTQdrBdnIriYMClevjlXnVTCLEzPKDHyswyj1lDykjZwci3nbqTn3pvqbZ6QDzQnL21xvGUsNsQ9nT2ZeYx8BOH32MOxBx CjJVh91WJ4iKsBuwHc+xYe097giH1CjAc4SmXSlCjadc7C5ngITv4U3oUT3qYxTjyPL87sj+32CulWRpdz3oVPoFtDF2Eajh3Qbsi3cQ02J7s5oH52BLY1rlqmBuG2uzphx8v01OHfZnSJ0CXpSfh25bk95l34F44ZvvhhFoAKbTJLCkjJ uGYuykGiSnP8uIjkZafM3ORvHC5mNcefnzcgk4k+mROaZNnfl/zIrif/tlA6V0cPpDqnA7yxwaor/HFU8OfjOarNf1dOb/XJJU0va63Jh90n8xc3RNboBTxo9oF16SXv4XzYxd5/oC33Nfsv+yGVyK0NoZim2uUpTV27tF6y0bY0=</la texit><latexit sha1_base64="yKPU+9a5ZETOcLzebnCQUdeEVPE=">AAAIU3icvVVdb9JgFD5jUxg63fTSmyoz0YRhi 05njMniV7wxmYlsMzBNW15YQ2lrWxjY8Cu8M/qzvPC36IXPe2j5WqhTg23K+77nPOc5n6WGZ1tBqKrflzLLK+fOZ3Or+QsX1y5dXt+4sh+4Hd8UFdO1Xf/Q0ANhW46ohFZoi0PPF3rbsMWB0Xoq9Qdd4QeW67wJ+544autNx2pYph5C9HY zfBdpd+4NNt+vF9SSypdyeqPFmwLF1567sfyZalQnl0zqUJsEORRib5NOAe4qaaSSB1mRepC70Ljk02PYdMmCJoCFzpYBHVGEvQ+0xRyCBpQHfwc6AawOaQu/TZyqsXTaeuxhQArdxPOCGQ2gZWQC+wDrTzwfWdac6yFiZplFH6sBxlVm fAV5SMdA/M6yHSOTWM5iaSBCHWcB5PzsI65RCzmkVyikBu1wZSzk6rFE1swcxfQMGh+yFmsUes7IJjgMPndRTQdrBdnIriYMClevjlXnVTCLEzPKDHyswyj1lDykjZwci3nbqTn3pvqbZ6QDzQnL21xvGUsNsQ9nT2ZeYx8BOH32MOxBx CjJVh91WJ4iKsBuwHc+xYe097giH1CjAc4SmXSlCjadc7C5ngITv4U3oUT3qYxTjyPL87sj+32CulWRpdz3oVPoFtDF2Eajh3Qbsi3cQ02J7s5oH52BLY1rlqmBuG2uzphx8v01OHfZnSJ0CXpSfh25bk95l34F44ZvvhhFoAKbTJLCkjJ uGYuykGiSnP8uIjkZafM3ORvHC5mNcefnzcgk4k+mROaZNnfl/zIrif/tlA6V0cPpDqnA7yxwaor/HFU8OfjOarNf1dOb/XJJU0va63Jh90n8xc3RNboBTxo9oF16SXv4XzYxd5/oC33Nfsv+yGVyK0NoZim2uUpTV27tF6y0bY0=</la texit><latexit sha1_base64="yKPU+9a5ZETOcLzebnCQUdeEVPE=">AAAIU3icvVVdb9JgFD5jUxg63fTSmyoz0YRhi 05njMniV7wxmYlsMzBNW15YQ2lrWxjY8Cu8M/qzvPC36IXPe2j5WqhTg23K+77nPOc5n6WGZ1tBqKrflzLLK+fOZ3Or+QsX1y5dXt+4sh+4Hd8UFdO1Xf/Q0ANhW46ohFZoi0PPF3rbsMWB0Xoq9Qdd4QeW67wJ+544autNx2pYph5C9HY zfBdpd+4NNt+vF9SSypdyeqPFmwLF1567sfyZalQnl0zqUJsEORRib5NOAe4qaaSSB1mRepC70Ljk02PYdMmCJoCFzpYBHVGEvQ+0xRyCBpQHfwc6AawOaQu/TZyqsXTaeuxhQArdxPOCGQ2gZWQC+wDrTzwfWdac6yFiZplFH6sBxlVm fAV5SMdA/M6yHSOTWM5iaSBCHWcB5PzsI65RCzmkVyikBu1wZSzk6rFE1swcxfQMGh+yFmsUes7IJjgMPndRTQdrBdnIriYMClevjlXnVTCLEzPKDHyswyj1lDykjZwci3nbqTn3pvqbZ6QDzQnL21xvGUsNsQ9nT2ZeYx8BOH32MOxBx CjJVh91WJ4iKsBuwHc+xYe097giH1CjAc4SmXSlCjadc7C5ngITv4U3oUT3qYxTjyPL87sj+32CulWRpdz3oVPoFtDF2Eajh3Qbsi3cQ02J7s5oH52BLY1rlqmBuG2uzphx8v01OHfZnSJ0CXpSfh25bk95l34F44ZvvhhFoAKbTJLCkjJ uGYuykGiSnP8uIjkZafM3ORvHC5mNcefnzcgk4k+mROaZNnfl/zIrif/tlA6V0cPpDqnA7yxwaor/HFU8OfjOarNf1dOb/XJJU0va63Jh90n8xc3RNboBTxo9oF16SXv4XzYxd5/oC33Nfsv+yGVyK0NoZim2uUpTV27tF6y0bY0=</la texit>
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Figure 1. Higher Moment Conservation Laws. a) Recursive con-
struction scheme: A charge-conserving move (m = 0) creates a lo-
cal dipole, which in turn is a charge-neutral dynamical object of a
dipole-conserving model (m = 1). This process is iterated to con-
serve higher moments. b) The late time dynamics of charges is de-
scribed by subdiffusive decay, with algebraic exponents depending
on the highest conserved charge moment (here: m = 1).
anomalously slow, subdiffusive transport of the underlying
charges, with the values of the exponents depending on the
highest conserved moment. We further develop a general an-
alytic hydrodynamic approach, valid for arbitrary conserved
multipole moments that is in very good agreement with our
numerical results. We conclude with an outlook on potential
experimental characteristics of higher-moment conservation
and the consistency of our findings with quantum dynamics.
Higher-Moment Conserving Models.– We start by con-
structing generic Hamiltonians conserving arbitrary moments
of the charge. These will serve as input for the definition of
suitable automata dynamics, as well as the derivation of an
effective hydrodynamic description. The construction of such
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2models is best understood recursively, starting from a simple
XY-type Hamiltonian of the form Hˆ(0)r=2 =
∑
x(Sˆ +x Sˆ
−
x+1 + h.c.),
hosting local terms of range r = 2 that conserve the total
charge Q(0) =
∑
x Sˆ zx, where Sˆ
±
x , Sˆ
z
x are spin operators in a
given representation S . Here, an elementary term h(0)2 (x) ≡
Sˆ +x Sˆ
−
x+1 can be interpreted as the creation of a dipole against
some background. A new term that additionally conserves the
dipole moment Q(1) =
∑
x x Sˆ zx can then be obtained by simply
multiplying this operator with its hermitian conjugate at some
shifted position, e.g. h(1)3 (x) =
(
h(0)2 (x)
)†
h(0)2 (x + 1), yielding
Hˆ(1)3 =
∑
x Sˆ −x
(
Sˆ +x+1
)2
Sˆ −x+2 + h.c., a model that has been stud-
ied in the context of Hilbert space fragmentation [21–27].
The above recursion can be iterated to obtain models con-
serving arbitrary moments of the charge
Q(m) =
∑
x
xm Sˆ zx. (1)
Formally, we consider an mth moment conserving Hamilto-
nian of range r in the form Hˆ(m)r =
∑
x h
(m)
r (x) + h.c., whose
local terms can be expanded as
h(m)r (x) =
r−1⊗
i=0
(
Sˆ σm(i)x+i
)nm(i)
,with σm(i) ∈ {+,−}, nm(i) ∈ N0,
(2)
where by definition nm(0) , 0, nm(r − 1) , 0. For the XY-
model, σ0(0)n0(0) = −σ0(1)n0(1) = 1. Analogous to the ar-
gument above, given h(m−1)r (x), we can then construct a (r +`)-
range term that additionally conserves the mth moment by im-
posing the recursive relation
σm(i) nm(i) = −σm−1(i) nm−1(i) + σm−1(i − `) nm−1(i − `), (3)
on the exponents of the spin ladder operators. Eq. (3) reflects
the construction of Hˆ(m)r+` via shifting an elementary m-pole by
` sites. As illustrated in Fig. 1 (a), the elementary m-pole con-
figurations have vanishing lower moments and a spatially in-
dependent mth moment, similar to usual charges in the XY-
model. However, their number is not conserved.
We notice that Eq. (3) can be rephrased as a discrete lat-
tice derivative of spacing `, σm(i) nm(i) = −∆x [σm−1 nm−1] (i),
which implies σm(i) nm(i) = (−∆x)m[σ0 n0](i). If the elemen-
tary XY-terms are interpreted as a finite difference with spac-
ing ` = 1, (−∆x)[ f ](0) = ∑i σ0(i) n0(i) f (i) with some lattice
function f (i), the exponents σm(i) nm(i) effectively correspond
to a lattice discretization of the (m + 1)st derivative
(−∆x)m+1[ f ](0) =
∑
i
σm(i) nm(i) f (i). (4)
Using the spin commutation relations and Eq. (4), we see that
[Q(n), h(m)r (x)] =
∑
i σm(i) nm(i) (x + i)n = (−∆x)m+1[xn] = 0
for n ≤ m, i.e. all moments Q(n≤m) are indeed conserved. The
same holds for longer range Hamiltonians, using alternative
discretization schemes of the involved derivatives. We note
that this is a discretized version of the field theory construc-
tion in Ref.[16]. In the following, we are interested in the
impact of the conservation laws Eq. (1) on transport proper-
ties at late times, where an effective classical hydrodynamic
description is expected to apply.
Cellular Automaton Approach.– Studying the full quan-
tum evolution of Eq. (2) on sufficiently large system sizes is
a challenging task (see the supplementary material for small
systems). However, we can make progress by considering a
classical automaton time evolution that respects the crucial
properties concerning the late time dynamics of the models
introduced above, the conservation laws Eq. (1) [31]. The dis-
crete automaton time evolution consists of a sequential appli-
cation of local updates mapping z-basis product states onto
z-basis product states. The updates are designed to mim-
ick the action of the Hamiltonian by updating between local
strings of spins s(x) = (sx, ..., sx+r−1), with si ∈ {−S , ..., S },
that are connected by the local terms of Eq. (2), similar to
Refs. [29, 30]. The automaton evolution can alternatively be
expressed in terms of a classically simulable circuit where the
updates are represented as unitary operators Uˆ(m)r (x) of range
r. These connect two states |s(x)〉 and |s′(x)〉 = Uˆ(m)r (x) |s(x)〉,
such that Uˆ(m)r (x) |s′(x)〉 = |s(x)〉 [30], i.e., Uˆ(m)r (x) acts as a
usual σx Pauli matrix in the subspace spanned by |s(x)〉 and
|s′(x)〉. For locally frozen states, Uˆ(m)r (x) acts as the identity.
For a selected h(m)r (x), there are potentially two possible up-
dates for a given |s(x)〉, namely |s′(x)〉 = h(m)r (x) |s(x)〉 and
|s′′(x)〉 =
(
h(m)r (x)
)† |s(x)〉. Therefore, we require two indepen-
dent unitary gates Uˆ(m)r,A (x) and Uˆ
(m)
r,B (x) describing all possible
updates associated to a local term of Hˆ(m)r . These update oper-
ators are the building blocks of the automaton evolution. The
definition of a single time step in terms of these gates for the
case m = 1, taking into account only Hˆ(1)3 , is illustrated in
Fig. 2 (a).
The relation of the circuit dynamics to the Hamiltonians
of Eq. (2) can be expanded even further by endowing each
application of an update between |s(x)〉 and |s′(x)〉 with an
acceptance probability p ∼ ∣∣∣〈s′(x)| (h(m)r (x) + h.c.) |s(x)〉∣∣∣2
proportional to the associated Fermi-golden-rule rate. Ac-
cording to this probability, the update gate is either applied
or substituted by an identity operator. This turns our circuit
into a stochastic automaton [32], which is why we can also
meaningfully study dynamics starting from a fixed initial
state upon averaging over gates. We emphasize that the
details of the implementation scheme, including its stochastic
nature, are not essential to the qualitative outcome of the
hydrodynamics studied in the following.
Hydrodynamics.– To understand the dynamics of charges
at late times, the main quantity studied within our numerical
approach are the correlation functions
C(m)(x, t) = 〈Sˆ zx(t)Sˆ z0(0)〉 , (5)
and particularly the return probability C(m)(0, t), where 〈...〉
denotes an average of Sˆ zx(t)Sˆ
z
0(0) over randomly chosen ini-
tial states of the automaton dynamics. For concreteness, we
3a)
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<latexit sha1_base64="f2faRTjt+Z4+L0L49nZ +3irEP3w=">AAAIYXicvVVdb9JgFD7b1AF+sRmvdlNlJlvCSMsynTEmy/yINyYzkW0JTNLCCzSUFtvCwK Z/xDtv9Rd57d/wwuc9tHxsoU4Ntinv+57znOd8lhpdy/R8Vf2+tLxy7fqN1VQ6c/PW7Tt3s2vrx57Tc2ui VHMsxz01dE9Ypi1Kvulb4rTrCr1jWOLEaL+Q+pO+cD3Tsd/7w6446+hN22yYNd2HqJq9v1lp6X5QCj8EW 9p2WA1284fhZjWbUwsqX8rljRZtchRdR87aymeqUJ0cqlGPOiTIJh97i3TycJdJI5W6kOVpALkDjUMuPY dNn0xoPFjobOnRGQXYu0CbzCEopAz4e9AJYHVI2/ht4lSOpLPWEw8hKfQIz2tmNICWkQnsPaw/8XxiWXOu h4CZZRZDrAYY08z4FnKfWkD8zrITIeNYrmJpIEIdZwHk/OwDrlEbOSRXyKcG7XNlTOTaZYmsWW0c00toX MjarFHoFSOb4DD43Ec1bawlZCO7GjMoXL06Vp1XwSx2xCgzcLGOotQT8pA2cnJM5u0k5jyY6W+GkTY05y zvcL1lLBXEPpo9mXmFfXjgdNnDqAcBoyRbfdxheQooB7uQ70yCD2nf5Yp8RI1CnCUy7koZbDrnYHE9BSZ +B29CgR5TEacBR5bhd0f2+xx1KyNLuR9Cp9AW0PnIRqOntA3ZDu6RpkC7F7TPrsCWxHWRqYG4La7OhHH6/ TU4d9mdPHQxelr+ALnuzXiXfgXjRm++GEegAhtPksKSIm4Zi7KQaOKc/y4iORlJ8zc9G62FzMak8/NmZB rxJ1Mi80yau+J/mZXY/15Ch4ro4WyHVOD3Fzg1+X+OKpocfGe1i1/Vy5vjYkFTC9q7Yu7gMPripmiDHsK TRk/ogN7QEf6Xa5iWL/SVvq3+SKVT2dT6CLq8FNnco5krtfELYttxjw==</latexit><latexit sha1_base64="f2faRTjt+Z4+L0L49nZ +3irEP3w=">AAAIYXicvVVdb9JgFD7b1AF+sRmvdlNlJlvCSMsynTEmy/yINyYzkW0JTNLCCzSUFtvCwK Z/xDtv9Rd57d/wwuc9tHxsoU4Ntinv+57znOd8lhpdy/R8Vf2+tLxy7fqN1VQ6c/PW7Tt3s2vrx57Tc2ui VHMsxz01dE9Ypi1Kvulb4rTrCr1jWOLEaL+Q+pO+cD3Tsd/7w6446+hN22yYNd2HqJq9v1lp6X5QCj8EW 9p2WA1284fhZjWbUwsqX8rljRZtchRdR87aymeqUJ0cqlGPOiTIJh97i3TycJdJI5W6kOVpALkDjUMuPY dNn0xoPFjobOnRGQXYu0CbzCEopAz4e9AJYHVI2/ht4lSOpLPWEw8hKfQIz2tmNICWkQnsPaw/8XxiWXOu h4CZZRZDrAYY08z4FnKfWkD8zrITIeNYrmJpIEIdZwHk/OwDrlEbOSRXyKcG7XNlTOTaZYmsWW0c00toX MjarFHoFSOb4DD43Ec1bawlZCO7GjMoXL06Vp1XwSx2xCgzcLGOotQT8pA2cnJM5u0k5jyY6W+GkTY05y zvcL1lLBXEPpo9mXmFfXjgdNnDqAcBoyRbfdxheQooB7uQ70yCD2nf5Yp8RI1CnCUy7koZbDrnYHE9BSZ +B29CgR5TEacBR5bhd0f2+xx1KyNLuR9Cp9AW0PnIRqOntA3ZDu6RpkC7F7TPrsCWxHWRqYG4La7OhHH6/ TU4d9mdPHQxelr+ALnuzXiXfgXjRm++GEegAhtPksKSIm4Zi7KQaOKc/y4iORlJ8zc9G62FzMak8/NmZB rxJ1Mi80yau+J/mZXY/15Ch4ro4WyHVOD3Fzg1+X+OKpocfGe1i1/Vy5vjYkFTC9q7Yu7gMPripmiDHsK TRk/ogN7QEf6Xa5iWL/SVvq3+SKVT2dT6CLq8FNnco5krtfELYttxjw==</latexit><latexit sha1_base64="f2faRTjt+Z4+L0L49nZ +3irEP3w=">AAAIYXicvVVdb9JgFD7b1AF+sRmvdlNlJlvCSMsynTEmy/yINyYzkW0JTNLCCzSUFtvCwK Z/xDtv9Rd57d/wwuc9tHxsoU4Ntinv+57znOd8lhpdy/R8Vf2+tLxy7fqN1VQ6c/PW7Tt3s2vrx57Tc2ui VHMsxz01dE9Ypi1Kvulb4rTrCr1jWOLEaL+Q+pO+cD3Tsd/7w6446+hN22yYNd2HqJq9v1lp6X5QCj8EW 9p2WA1284fhZjWbUwsqX8rljRZtchRdR87aymeqUJ0cqlGPOiTIJh97i3TycJdJI5W6kOVpALkDjUMuPY dNn0xoPFjobOnRGQXYu0CbzCEopAz4e9AJYHVI2/ht4lSOpLPWEw8hKfQIz2tmNICWkQnsPaw/8XxiWXOu h4CZZRZDrAYY08z4FnKfWkD8zrITIeNYrmJpIEIdZwHk/OwDrlEbOSRXyKcG7XNlTOTaZYmsWW0c00toX MjarFHoFSOb4DD43Ec1bawlZCO7GjMoXL06Vp1XwSx2xCgzcLGOotQT8pA2cnJM5u0k5jyY6W+GkTY05y zvcL1lLBXEPpo9mXmFfXjgdNnDqAcBoyRbfdxheQooB7uQ70yCD2nf5Yp8RI1CnCUy7koZbDrnYHE9BSZ +B29CgR5TEacBR5bhd0f2+xx1KyNLuR9Cp9AW0PnIRqOntA3ZDu6RpkC7F7TPrsCWxHWRqYG4La7OhHH6/ TU4d9mdPHQxelr+ALnuzXiXfgXjRm++GEegAhtPksKSIm4Zi7KQaOKc/y4iORlJ8zc9G62FzMak8/NmZB rxJ1Mi80yau+J/mZXY/15Ch4ro4WyHVOD3Fzg1+X+OKpocfGe1i1/Vy5vjYkFTC9q7Yu7gMPripmiDHsK TRk/ogN7QEf6Xa5iWL/SVvq3+SKVT2dT6CLq8FNnco5krtfELYttxjw==</latexit><latexit sha1_base64="f2faRTjt+Z4+L0L49nZ +3irEP3w=">AAAIYXicvVVdb9JgFD7b1AF+sRmvdlNlJlvCSMsynTEmy/yINyYzkW0JTNLCCzSUFtvCwK Z/xDtv9Rd57d/wwuc9tHxsoU4Ntinv+57znOd8lhpdy/R8Vf2+tLxy7fqN1VQ6c/PW7Tt3s2vrx57Tc2ui VHMsxz01dE9Ypi1Kvulb4rTrCr1jWOLEaL+Q+pO+cD3Tsd/7w6446+hN22yYNd2HqJq9v1lp6X5QCj8EW 9p2WA1284fhZjWbUwsqX8rljRZtchRdR87aymeqUJ0cqlGPOiTIJh97i3TycJdJI5W6kOVpALkDjUMuPY dNn0xoPFjobOnRGQXYu0CbzCEopAz4e9AJYHVI2/ht4lSOpLPWEw8hKfQIz2tmNICWkQnsPaw/8XxiWXOu h4CZZRZDrAYY08z4FnKfWkD8zrITIeNYrmJpIEIdZwHk/OwDrlEbOSRXyKcG7XNlTOTaZYmsWW0c00toX MjarFHoFSOb4DD43Ec1bawlZCO7GjMoXL06Vp1XwSx2xCgzcLGOotQT8pA2cnJM5u0k5jyY6W+GkTY05y zvcL1lLBXEPpo9mXmFfXjgdNnDqAcBoyRbfdxheQooB7uQ70yCD2nf5Yp8RI1CnCUy7koZbDrnYHE9BSZ +B29CgR5TEacBR5bhd0f2+xx1KyNLuR9Cp9AW0PnIRqOntA3ZDu6RpkC7F7TPrsCWxHWRqYG4La7OhHH6/ TU4d9mdPHQxelr+ALnuzXiXfgXjRm++GEegAhtPksKSIm4Zi7KQaOKc/y4iORlJ8zc9G62FzMak8/NmZB rxJ1Mi80yau+J/mZXY/15Ch4ro4WyHVOD3Fzg1+X+OKpocfGe1i1/Vy5vjYkFTC9q7Yu7gMPripmiDHsK TRk/ogN7QEf6Xa5iWL/SVvq3+SKVT2dT6CLq8FNnco5krtfELYttxjw==</latexit>
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<latexit sha1_base64= "f2faRTjt+Z4+L0L49nZ+3irEP3w=">AAAIYXicv VVdb9JgFD7b1AF+sRmvdlNlJlvCSMsynTEmy/yINy YzkW0JTNLCCzSUFtvCwKZ/xDtv9Rd57d/wwuc9tHx soU4Ntinv+57znOd8lhpdy/R8Vf2+tLxy7fqN1VQ 6c/PW7Tt3s2vrx57Tc2uiVHMsxz01dE9Ypi1Kvulb 4rTrCr1jWOLEaL+Q+pO+cD3Tsd/7w6446+hN22yYN d2HqJq9v1lp6X5QCj8EW9p2WA1284fhZjWbUwsqX 8rljRZtchRdR87aymeqUJ0cqlGPOiTIJh97i3TycJ dJI5W6kOVpALkDjUMuPYdNn0xoPFjobOnRGQXYu0C bzCEopAz4e9AJYHVI2/ht4lSOpLPWEw8hKfQIz2t mNICWkQnsPaw/8XxiWXOuh4CZZRZDrAYY08z4FnKf WkD8zrITIeNYrmJpIEIdZwHk/OwDrlEbOSRXyKcG7 XNlTOTaZYmsWW0c00toXMjarFHoFSOb4DD43Ec1b awlZCO7GjMoXL06Vp1XwSx2xCgzcLGOotQT8pA2cn JM5u0k5jyY6W+GkTY05yzvcL1lLBXEPpo9mXmFfX jgdNnDqAcBoyRbfdxheQooB7uQ70yCD2nf5Yp8RI1 CnCUy7koZbDrnYHE9BSZ+B29CgR5TEacBR5bhd0f2 +xx1KyNLuR9Cp9AW0PnIRqOntA3ZDu6RpkC7F7TP rsCWxHWRqYG4La7OhHH6/TU4d9mdPHQxelr+ALnuz XiXfgXjRm++GEegAhtPksKSIm4Zi7KQaOKc/y4iOR lJ8zc9G62FzMak8/NmZBrxJ1Mi80yau+J/mZXY/1 5Ch4ro4WyHVOD3Fzg1+X+OKpocfGe1i1/Vy5vjYkF TC9q7Yu7gMPripmiDHsKTRk/ogN7QEf6Xa5iWL/SV vq3+SKVT2dT6CLq8FNnco5krtfELYttxjw==</la texit><latexit sha1_base64= "f2faRTjt+Z4+L0L49nZ+3irEP3w=">AAAIYXicv VVdb9JgFD7b1AF+sRmvdlNlJlvCSMsynTEmy/yINy YzkW0JTNLCCzSUFtvCwKZ/xDtv9Rd57d/wwuc9tHx soU4Ntinv+57znOd8lhpdy/R8Vf2+tLxy7fqN1VQ 6c/PW7Tt3s2vrx57Tc2uiVHMsxz01dE9Ypi1Kvulb 4rTrCr1jWOLEaL+Q+pO+cD3Tsd/7w6446+hN22yYN d2HqJq9v1lp6X5QCj8EW9p2WA1284fhZjWbUwsqX 8rljRZtchRdR87aymeqUJ0cqlGPOiTIJh97i3TycJ dJI5W6kOVpALkDjUMuPYdNn0xoPFjobOnRGQXYu0C bzCEopAz4e9AJYHVI2/ht4lSOpLPWEw8hKfQIz2t mNICWkQnsPaw/8XxiWXOuh4CZZRZDrAYY08z4FnKf WkD8zrITIeNYrmJpIEIdZwHk/OwDrlEbOSRXyKcG7 XNlTOTaZYmsWW0c00toXMjarFHoFSOb4DD43Ec1b awlZCO7GjMoXL06Vp1XwSx2xCgzcLGOotQT8pA2cn JM5u0k5jyY6W+GkTY05yzvcL1lLBXEPpo9mXmFfX jgdNnDqAcBoyRbfdxheQooB7uQ70yCD2nf5Yp8RI1 CnCUy7koZbDrnYHE9BSZ+B29CgR5TEacBR5bhd0f2 +xx1KyNLuR9Cp9AW0PnIRqOntA3ZDu6RpkC7F7TP rsCWxHWRqYG4La7OhHH6/TU4d9mdPHQxelr+ALnuz XiXfgXjRm++GEegAhtPksKSIm4Zi7KQaOKc/y4iOR lJ8zc9G62FzMak8/NmZBrxJ1Mi80yau+J/mZXY/1 5Ch4ro4WyHVOD3Fzg1+X+OKpocfGe1i1/Vy5vjYkF TC9q7Yu7gMPripmiDHsKTRk/ogN7QEf6Xa5iWL/SV vq3+SKVT2dT6CLq8FNnco5krtfELYttxjw==</la texit><latexit sha1_base64= "f2faRTjt+Z4+L0L49nZ+3irEP3w=">AAAIYXicv VVdb9JgFD7b1AF+sRmvdlNlJlvCSMsynTEmy/yINy YzkW0JTNLCCzSUFtvCwKZ/xDtv9Rd57d/wwuc9tHx soU4Ntinv+57znOd8lhpdy/R8Vf2+tLxy7fqN1VQ 6c/PW7Tt3s2vrx57Tc2uiVHMsxz01dE9Ypi1Kvulb 4rTrCr1jWOLEaL+Q+pO+cD3Tsd/7w6446+hN22yYN d2HqJq9v1lp6X5QCj8EW9p2WA1284fhZjWbUwsqX 8rljRZtchRdR87aymeqUJ0cqlGPOiTIJh97i3TycJ dJI5W6kOVpALkDjUMuPYdNn0xoPFjobOnRGQXYu0C bzCEopAz4e9AJYHVI2/ht4lSOpLPWEw8hKfQIz2t mNICWkQnsPaw/8XxiWXOuh4CZZRZDrAYY08z4FnKf WkD8zrITIeNYrmJpIEIdZwHk/OwDrlEbOSRXyKcG7 XNlTOTaZYmsWW0c00toXMjarFHoFSOb4DD43Ec1b awlZCO7GjMoXL06Vp1XwSx2xCgzcLGOotQT8pA2cn JM5u0k5jyY6W+GkTY05yzvcL1lLBXEPpo9mXmFfX jgdNnDqAcBoyRbfdxheQooB7uQ70yCD2nf5Yp8RI1 CnCUy7koZbDrnYHE9BSZ+B29CgR5TEacBR5bhd0f2 +xx1KyNLuR9Cp9AW0PnIRqOntA3ZDu6RpkC7F7TP rsCWxHWRqYG4La7OhHH6/TU4d9mdPHQxelr+ALnuz XiXfgXjRm++GEegAhtPksKSIm4Zi7KQaOKc/y4iOR lJ8zc9G62FzMak8/NmZBrxJ1Mi80yau+J/mZXY/1 5Ch4ro4WyHVOD3Fzg1+X+OKpocfGe1i1/Vy5vjYkF TC9q7Yu7gMPripmiDHsKTRk/ogN7QEf6Xa5iWL/SV vq3+SKVT2dT6CLq8FNnco5krtfELYttxjw==</la texit><latexit sha1_base64= "f2faRTjt+Z4+L0L49nZ+3irEP3w=">AAAIYXicv VVdb9JgFD7b1AF+sRmvdlNlJlvCSMsynTEmy/yINy YzkW0JTNLCCzSUFtvCwKZ/xDtv9Rd57d/wwuc9tHx soU4Ntinv+57znOd8lhpdy/R8Vf2+tLxy7fqN1VQ 6c/PW7Tt3s2vrx57Tc2uiVHMsxz01dE9Ypi1Kvulb 4rTrCr1jWOLEaL+Q+pO+cD3Tsd/7w6446+hN22yYN d2HqJq9v1lp6X5QCj8EW9p2WA1284fhZjWbUwsqX 8rljRZtchRdR87aymeqUJ0cqlGPOiTIJh97i3TycJ dJI5W6kOVpALkDjUMuPYdNn0xoPFjobOnRGQXYu0C bzCEopAz4e9AJYHVI2/ht4lSOpLPWEw8hKfQIz2t mNICWkQnsPaw/8XxiWXOuh4CZZRZDrAYY08z4FnKf WkD8zrITIeNYrmJpIEIdZwHk/OwDrlEbOSRXyKcG7 XNlTOTaZYmsWW0c00toXMjarFHoFSOb4DD43Ec1b awlZCO7GjMoXL06Vp1XwSx2xCgzcLGOotQT8pA2cn JM5u0k5jyY6W+GkTY05yzvcL1lLBXEPpo9mXmFfX jgdNnDqAcBoyRbfdxheQooB7uQ70yCD2nf5Yp8RI1 CnCUy7koZbDrnYHE9BSZ+B29CgR5TEacBR5bhd0f2 +xx1KyNLuR9Cp9AW0PnIRqOntA3ZDu6RpkC7F7TP rsCWxHWRqYG4La7OhHH6/TU4d9mdPHQxelr+ALnuz XiXfgXjRm++GEegAhtPksKSIm4Zi7KQaOKc/y4iOR lJ8zc9G62FzMak8/NmZBrxJ1Mi80yau+J/mZXY/1 5Ch4ro4WyHVOD3Fzg1+X+OKpocfGe1i1/Vy5vjYkF TC9q7Yu7gMPripmiDHsKTRk/ogN7QEf6Xa5iWL/SV vq3+SKVT2dT6CLq8FNnco5krtfELYttxjw==</la texit>
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<latexit sha1_base64="YtFttPvOH9JycLPbF68Uunpw0 gg=">AAAITHicvVXLbtNQEJ220KTh0RaWbAwREpXSyDYqFCGkipfYIBVE2kpJhWznJrXi2MZ20oQof8AWFnwUe/6DHSB x7tjOq4opoGDLuffOnDnzdGz6jh1Gqvp1aXnlwsXVXH6tcOnylavrG5vXDkKvE1iiYnmOFxyZRigc2xWVyI4cceQHwmib jjg0W0+k/rArgtD23DdR3xfHbaPp2g3bMiKIXptbbzeKalnlSzm70ZJNkZJr39tc+Uw1qpNHFnWoTYJcirB3yKAQd5U0 UsmHrEQ9yD1oPAroEWy6ZEMTwsJgy5COaYB9ALTNHIKGVAB/BzoBrAFpC79NnKqJdNp67GFICt3G85wZTaBlZAL7EOsPP O9Z1pzrYcDMMos+VhOMa8z4EvKIToD4nWU7QaaxnMfSRIQGzgLI+dkPuEYt5JBdoYgatMuVsZGrzxJZM2sU01NoAshar FHoGSOb4DD53EU1XawVZCO7mjIoXL06VoNXwSxuwigzCLDGURoZeUgbOTk287Yzc+5N9bfASBeaU5a3ud4ylhpij2dPZl 5jHyE4A/YQ92DAKMlWH3VYngZUhN2Q70KGD2nvc0XeoUZDnCUy7UoVbAbn4HA9BSZ+G29Cme6RjlOPIyvwuyP7fYq6VZ Gl3PehU+gO0KXERqMHtAXZNu5YU6a7M9qH52DL4pplaiBuh6szZpx8f03OXXanBF2KnpTfRK47U96lX8G4+M0XowhUYNN JUlii45axKAuJJs357yKSk5E1f5OzcbKQ2Rh3ft6MTCL+ZEpknllzp/+XWUn972R0SEcPpzukAr+7wKkp/XNUyeTgO6v NflXPbg70sqaWtVd6ce9x8sXN0w26BU8a3ac9ekH7+F+2EPkH+kifcl9y33Lfcz9j6PJSYnOdpq786i8SLm0q</latexi t><latexit sha1_base64="YtFttPvOH9JycLPbF68Uunpw0 gg=">AAAITHicvVXLbtNQEJ220KTh0RaWbAwREpXSyDYqFCGkipfYIBVE2kpJhWznJrXi2MZ20oQof8AWFnwUe/6DHSB x7tjOq4opoGDLuffOnDnzdGz6jh1Gqvp1aXnlwsXVXH6tcOnylavrG5vXDkKvE1iiYnmOFxyZRigc2xWVyI4cceQHwmib jjg0W0+k/rArgtD23DdR3xfHbaPp2g3bMiKIXptbbzeKalnlSzm70ZJNkZJr39tc+Uw1qpNHFnWoTYJcirB3yKAQd5U0 UsmHrEQ9yD1oPAroEWy6ZEMTwsJgy5COaYB9ALTNHIKGVAB/BzoBrAFpC79NnKqJdNp67GFICt3G85wZTaBlZAL7EOsPP O9Z1pzrYcDMMos+VhOMa8z4EvKIToD4nWU7QaaxnMfSRIQGzgLI+dkPuEYt5JBdoYgatMuVsZGrzxJZM2sU01NoAshar FHoGSOb4DD53EU1XawVZCO7mjIoXL06VoNXwSxuwigzCLDGURoZeUgbOTk287Yzc+5N9bfASBeaU5a3ud4ylhpij2dPZl 5jHyE4A/YQ92DAKMlWH3VYngZUhN2Q70KGD2nvc0XeoUZDnCUy7UoVbAbn4HA9BSZ+G29Cme6RjlOPIyvwuyP7fYq6VZ Gl3PehU+gO0KXERqMHtAXZNu5YU6a7M9qH52DL4pplaiBuh6szZpx8f03OXXanBF2KnpTfRK47U96lX8G4+M0XowhUYNN JUlii45axKAuJJs357yKSk5E1f5OzcbKQ2Rh3ft6MTCL+ZEpknllzp/+XWUn972R0SEcPpzukAr+7wKkp/XNUyeTgO6v NflXPbg70sqaWtVd6ce9x8sXN0w26BU8a3ac9ekH7+F+2EPkH+kifcl9y33Lfcz9j6PJSYnOdpq786i8SLm0q</latexi t><latexit sha1_base64="YtFttPvOH9JycLPbF68Uunpw0 gg=">AAAITHicvVXLbtNQEJ220KTh0RaWbAwREpXSyDYqFCGkipfYIBVE2kpJhWznJrXi2MZ20oQof8AWFnwUe/6DHSB x7tjOq4opoGDLuffOnDnzdGz6jh1Gqvp1aXnlwsXVXH6tcOnylavrG5vXDkKvE1iiYnmOFxyZRigc2xWVyI4cceQHwmib jjg0W0+k/rArgtD23DdR3xfHbaPp2g3bMiKIXptbbzeKalnlSzm70ZJNkZJr39tc+Uw1qpNHFnWoTYJcirB3yKAQd5U0 UsmHrEQ9yD1oPAroEWy6ZEMTwsJgy5COaYB9ALTNHIKGVAB/BzoBrAFpC79NnKqJdNp67GFICt3G85wZTaBlZAL7EOsPP O9Z1pzrYcDMMos+VhOMa8z4EvKIToD4nWU7QaaxnMfSRIQGzgLI+dkPuEYt5JBdoYgatMuVsZGrzxJZM2sU01NoAshar FHoGSOb4DD53EU1XawVZCO7mjIoXL06VoNXwSxuwigzCLDGURoZeUgbOTk287Yzc+5N9bfASBeaU5a3ud4ylhpij2dPZl 5jHyE4A/YQ92DAKMlWH3VYngZUhN2Q70KGD2nvc0XeoUZDnCUy7UoVbAbn4HA9BSZ+G29Cme6RjlOPIyvwuyP7fYq6VZ Gl3PehU+gO0KXERqMHtAXZNu5YU6a7M9qH52DL4pplaiBuh6szZpx8f03OXXanBF2KnpTfRK47U96lX8G4+M0XowhUYNN JUlii45axKAuJJs357yKSk5E1f5OzcbKQ2Rh3ft6MTCL+ZEpknllzp/+XWUn972R0SEcPpzukAr+7wKkp/XNUyeTgO6v NflXPbg70sqaWtVd6ce9x8sXN0w26BU8a3ac9ekH7+F+2EPkH+kifcl9y33Lfcz9j6PJSYnOdpq786i8SLm0q</latexi t><latexit sha1_base64="YtFttPvOH9JycLPbF68Uunpw0 gg=">AAAITHicvVXLbtNQEJ220KTh0RaWbAwREpXSyDYqFCGkipfYIBVE2kpJhWznJrXi2MZ20oQof8AWFnwUe/6DHSB x7tjOq4opoGDLuffOnDnzdGz6jh1Gqvp1aXnlwsXVXH6tcOnylavrG5vXDkKvE1iiYnmOFxyZRigc2xWVyI4cceQHwmib jjg0W0+k/rArgtD23DdR3xfHbaPp2g3bMiKIXptbbzeKalnlSzm70ZJNkZJr39tc+Uw1qpNHFnWoTYJcirB3yKAQd5U0 UsmHrEQ9yD1oPAroEWy6ZEMTwsJgy5COaYB9ALTNHIKGVAB/BzoBrAFpC79NnKqJdNp67GFICt3G85wZTaBlZAL7EOsPP O9Z1pzrYcDMMos+VhOMa8z4EvKIToD4nWU7QaaxnMfSRIQGzgLI+dkPuEYt5JBdoYgatMuVsZGrzxJZM2sU01NoAshar FHoGSOb4DD53EU1XawVZCO7mjIoXL06VoNXwSxuwigzCLDGURoZeUgbOTk287Yzc+5N9bfASBeaU5a3ud4ylhpij2dPZl 5jHyE4A/YQ92DAKMlWH3VYngZUhN2Q70KGD2nvc0XeoUZDnCUy7UoVbAbn4HA9BSZ+G29Cme6RjlOPIyvwuyP7fYq6VZ Gl3PehU+gO0KXERqMHtAXZNu5YU6a7M9qH52DL4pplaiBuh6szZpx8f03OXXanBF2KnpTfRK47U96lX8G4+M0XowhUYNN JUlii45axKAuJJs357yKSk5E1f5OzcbKQ2Rh3ft6MTCL+ZEpknllzp/+XWUn972R0SEcPpzukAr+7wKkp/XNUyeTgO6v NflXPbg70sqaWtVd6ce9x8sXN0w26BU8a3ac9ekH7+F+2EPkH+kifcl9y33Lfcz9j6PJSYnOdpq786i8SLm0q</latexi t>
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Figure 2. Hydrodynamics a) Illustration of a single time step of the automaton circuit, for a dipole (m = 1) conserving model using gates of
range 3. b) Return probability C(m)(0, t) for dipole- and quadrupole conservation. The long time behavior approaches an m-dependent algebraic
decay ∼ t−1/2(m+1). The numerical values of the exponents where extracted from fits over the latter three time decades (dashed lines). c)+d)
Scaling collapse for m = 1 and m = 2 according to the long wave-length description Eq. (7). In addition to the numerical data, the fundamental
solution of Eq. (7) (dashed line) and the corresponding Gaussian expansion (see main text) up to order n = 4 (circles) are shown. The system
size is L = 104 in all panels.
study a dipole conserving model with S = 1 including inter-
action terms of Eq. (2) of ranges r = 3 and r = 4 [33], as
well as a quadrupole conserving model with larger spin rep-
resentation S = 4 including ranges r = 4 and r = 5, both
on system sizes up to L = 104. While in general the hydro-
dynamic tails for given m are expected to be universal for a
sufficiently ergodic system, in numerical practice, larger r and
S will provide faster convergence to this long time behaviour.
As the dynamics of the system is expected to become slower
upon increasing m, due to an increasing number of constraints,
we choose a larger spin representation S = 4 [34] in the
quadrupole case to allow for a more accurate determination
of algebraic exponents.
We show the results of the automaton evolution for
the return probability C(m)(0, t) in Fig. 2 (b). In contrast
to ordinary diffusive systems which possess the scaling
C(0)(0, t) ∼ t−1/2 [1], we numerically estimate the algebraic
late time decay exponents to be C(1)(0, t) ∼ t−0.248 ≈ t−1/4 in
the dipole-conserving model, and C(2)(0, t) ∼ t−0.170 ≈ t−1/6
for the conservation of quadrupole moment. Consistent
with these results, we observed a subdiffusive decay of
C(1)(0, t) for a dipole-conserving S = 1/2 quantum spin chain
as presented in the supplementary material. This signals
significant deviations from generic diffusion, induced by the
higher-moment conservation laws Eq. (1).
To understand how this slow anomalous diffusion can
emerge from a classical hydrodynamic description of a quan-
tum evolution, we consider the Heisenberg evolution equa-
tion of the charge density Sˆ zx for the previously introduced
models. This yields ddt Sˆ
z
x =
i
~
[H(m)r , Sˆ zx] = (−∆x)m+1Ω(m)x
using Eq. (4), with Ω(m)x ≡ − i~
(
h(m)r (x) − h.c.
)
. This form
of the time evolution applies to arbitrary Hamiltonians con-
serving the mth moment of the charge, with microscopic de-
tails only entering Ω(m)x . Imposing a continuity equation for
the charge density, ddt Sˆ
z
x = (−∆x)J(m)x , we obtain the form of
the current J(m)x = (−∆x)mΩ(m)x , resulting e.g. in the familiar
J(0)x = Ω
(0)
x for the diffusive case. In order to arrive at a dif-
ferential equation for the charge density, we consider the evo-
lution of expectation values and go to the limit of long wave-
lengths (∆x → ∂x) assuming large enough variation lengths in
space, such that ddt
〈
Sˆ zx
〉
= (−∂x)m+1
〈
Ω
(m)
x
〉
. A closed equation
for the charge density then requires a hydrodynamic assump-
tion that relates
〈
Ω
(m)
x
〉
to
〈
Sˆ zx
〉
on long time scales (see for
example Ref. [35]). For charge-conserving interacting quan-
tum systems, known to generically exhibit diffusive transport
at late times [2–10], this assumption is given by Fick’s law〈
Ω
(0)
x
〉
= −D ∂x
〈
Sˆ zx
〉
, matching our intuition that this term
shifts charges, (‘Sˆ +x Sˆ
−
x+r−1 ∼ ∂x’ in the local z-basis), and re-
sulting in the usual diffusion equation for 〈Sˆ zx〉. However, gen-
eral solutions of the diffusion equation explicitly break higher-
moment conservation. This is seen most easy for the exam-
ple of a melting domain wall, which exhibits a net current of
charge, violating dipole conservation. Recalling our recursive
construction of Q(m)- conserving terms in Eqs. (2),(3) and its
finite-difference interpretation Eq. (4), we propose a natural
generalization of Fick’s law given by
〈
Ω
(m)
x
〉
= −D ∂m+1x
〈
Sˆ zx
〉
,
i.e. a charge current
〈
J(m)x
〉
= −D ∂2m+1x
〈
Sˆ zx
〉
[36]. This leads
to the effective hydrodynamic equation
d
dt
〈
Sˆ zx
〉
= −D (−1)m+1∂2(m+1)x
〈
Sˆ zx
〉
, (6)
whose normalized fundamental solution is of the form
G(m)(x, t) =
1
(Dt)1/2(m+1)
F(m)
[ x2(m+1)
t
]
, (7)
where F(m) is a universal scaling function which can be writ-
ten in terms of generalized hypergeometric functions [37].
The time evolution of a charge density profile starting from
G(m)(x, 0) = δ(x) is described by Eq. (7), and is thus expected
to coincide with the correlator C(m)(x, t). Figure 2 (c,d) shows
that this is indeed the case, displaying near perfect agreement
with our numerical results for both m = 1, 2 upon fitting
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Figure 3. a) The melting of a domain wall in a dipole conserving sys-
tem for sufficiently large spin (here: S = 2) appears as the cummula-
tive distribution function of C(1)(x, t), with characteristic oscillations
in the charge profile. b) The mean squared displacement 〈X2(t)〉 (see
main text), rapidly approaching a linear increase in t (dashed lines),
indicative of a random walk process for the highest moment.
the only free parameter D. In particular, as demonstrated in
Fig. 2 (c,d), C(m)(x, t) accurately follows the scaling collapse
predicted by Eq. (7).
We remark that while usually, the hydrodynamic descrip-
tion of a system conserving m + 1 quantities would be given
by a set of m + 1 coupled equations for the associated densi-
ties and currents [1, 38, 39], the present systems can be well
described by a single equation Eq. (6) for the charge density.
This is due to the hierarchical structure of the conservation
laws Eq. (1) that specify all Q(m) in terms of the fundamental
charges of the theory.
Discussion.– It is worthwhile to consider the solutions of
Eq. (6) in more detail. For m = 0, Eq. (6) reduces to the usual
diffusion equation and C(0)(x, t) is a Gaussian probability dis-
tribution, describing the movement of an initially localized
excitation through the system [1, 40]. For m ≥ 1, as shown
in Fig. 2 and more generally clear from a vanishing second
moment 〈x2〉G(m) =
∫
dx x2G(m)(x, t) = 0, C(m)(x, t) cannot be
interpreted as a probability distribution. Instead, the associ-
ated oscillations in the profile of C(m)(x, t) form a character-
istic signature of higher moment conservation that can poten-
tially also be observed in quench experiments of domain wall
initial states, see Fig. 3 (a).
We further notice that the central peak of C(m)(x, t) in
Fig. 2 (c,d) is well approximated by a Gaussian g(x, t) =
exp
(
−x2/σ2(t)
)
/
√
piσ2(t) with σ(t) = (Dt)1/2(m+1). The ad-
ditional dressing with the observed density modulations can
be understood heuristically: We envision the Gaussian dis-
tribution g(x, t) to describe the movement of an excitation
through the system as part of m-poles, see Fig. 1 (b). In this
picture, due to mth moment conservation, a positive charge
described by g(x, t) drags along a cloud of surrounding nega-
tive charge, an intuition that can be formalized in an Ansatz
C(m)(x, t) ∼ a0(t)g(x, t) − a2(t) [g(x − 1, t) + g(x + 1, t)]. Thus,
a positive charge moving to x ± 1 implies an increased like-
lihood of simultaneously finding a negative charge on x. In
a continuum setting, this can be rewritten as C(m)(x, t) ∼
c˜0(t) g(x, t) − c˜2(t) ∂2xg(x, t) = g(x, t)
(
c0 − c2 x2/σ2(t)
)
. Here,
the time dependence of the expansion coefficients was chosen
such that the scaling behaviour Eq. (7) is retained. General-
izing this physically motivated Ansatz, we can expand [41]
C(m)(x, t) = g(x, t)
∑
n c
(m)
2n
(
− x2
σ2(t)
)n
. Fig. 2 (c,d) shows that
excellent agreement is found already at the lowest orders of
the expansion, where each term provides an additional oscil-
lation in the spatial profile of C(m)(x, t).
Intriguingly, although the dynamics of charges appears sub-
diffusive as evidenced by C(m)(x, t), the resulting profile still
exhibits Gaussian features, as for normal diffusion. In fact, a
similar situation occurs in the classical dynamics of random
walkers subject to hard core interactions [42]. These are de-
scribed by static particles that only acquire dynamics upon in-
terchanging their position with diffusively moving vacancies,
leading to anomalous diffusion for the particles, but retaining
a Gaussian profile. Similarly, in fractonic systems such as the
present example for m = 1, fractons (charges) can only move
by the emission and absorption of dipoles, which have previ-
ously been argued to perform unrestricted random moves [43].
We can follow this line of reasoning in our automaton in
the following way: For simple XY-terms at m = 0, each local
update of range r contributes either ±(r − 1) to a total charge
current J(t), obtained by summing over all updates during a
single time step. Computing the current-current correlation
function 〈J(t)J(0)〉, the associated mean-squared displace-
ment 〈X2(t)〉 = ∑tt′=0 ∑t′t′′=0 1L 〈J(t′′)J(0)〉 ∼ t indicates the
random walk performed by the charges [42]. We can then
extend this definition of J(t) to m > 0, similarly associating
positive and negative contributions to each local update. For
both m = 1, 2, the corresponding 〈X2(t)〉 rapidly approaches
a growth linear in t, as shown in Fig. 3 (b). We would like
to emphasize that while the motivation for this approach
lies in the interpretation of local updates corresponding to
moving m-poles, J(t) can not be indentified unambiguously
with a corresponding m-pole current, due to the absence of an
associated conserved local m-pole density. However, since
the charge-dynamics has been shown to be subdiffusive, it
can be conjectured that the dominant contribution to 〈X2(t)〉
is indeed due to the unconstrained random motion of m-poles.
Outlook.– We have studied the long-time dynamics of
higher-moment conserving models, obtaining a generalized
hydrodynamic equation relevant for fractonic systems that
leads to subdiffusive decay of charge correlations. While we
have numerically verified these derivations in 1D chains con-
serving dipole- and quadrupole moment, we expect that the
present analysis extends to higher dimensions and higher mo-
ments, similar to Ref. [30] but in the absence of subsystem
symmetries. We note that in the case of dipole moment con-
servation, our results agree with the subdiffusive scaling ex-
perimentally observed in Ref. [18], where a tilted field was
applied along one direction. In addition to the slow subd-
5iffusive decay of the return probability, we have identified
oscillations in the spatial density profile both for delta and
domain wall initial conditions as characteristic properties of
higher moment conservation. Such oscillations should be de-
tectable in quantum quench experiments. In Fourier space,
the mth moment conservation leads to a modified scaling of
the full-width-half-maximum of the Lorentzian line shape as
∼ q2(m+1), which could be detectable in scattering experi-
ments. Furthermore, we expect our results to reflect the long-
time dynamics of closed quantum systems. While large scale
analyses thereof appear challenging due to the highly inter-
acting nature of the models Eq.(2), investigations on smaller
system sizes are consistent with the conclusions of our analy-
sis, see the supplementary material for details. Understanding
the full impact of higher moment conservation laws on the
dynamics of quantum systems, in particular in the presence of
energy conservation, remains an objective for future study.
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7SUPPLEMENTARY MATERIAL
QUANTUM-MODELWITH DIPOLE CONSERVATION
In order to further support our main results, in this section,
we show the dynamics of a quantum model featuring dipole
conservation. For numerical feasability, we choose S = 1/2
and study the Hamiltonian given by
Hˆ = Hˆ(1)4 + Hˆ
(1)
5 , (8)
on open boundary conditions, where
Hˆ(1)4 = −
L−3∑
x=1
[S +x S
−
x+1S
−
x+2S
+
x+3 + h.c.], (9)
and
Hˆ(1)5 = −
L−4∑
x=1
[S +x S
−
x+1S
−
x+3S
+
x+4 + h.c.], (10)
L indicates the length of the chain. It is readily verified that
[Hˆ,
∑
x Sˆ zx] = 0 and [Hˆ,
∑
x xSˆ zx] = 0, thus Hˆ conserves the to-
tal magnetization and dipole moment. We focus on the largest
Hamiltonian sector with 〈∑x Sˆ zx〉 = 〈∑x xSˆ zx〉 = 0. More-
over, the Hamiltonian Hˆ in Eq. 8 has been already analyzed in
Refs. [21, 24], showing that Hˆ is ergodic and its Hilbert space
is only weakly fragmented.
We focus on the dynamics of Hˆ by employing the spin-spin
correlator, also defined in the main text
C(1)(t) = 〈δSˆ zL/2(t)δSˆ zL/2(0)〉, (11)
where 〈·〉 = 1NTr[·] is the normalized infinite-temperature
trace, with N the dimension of the Hilbert space sector
〈∑x Sˆ zx〉 = 〈∑x xSˆ zx〉 = 0, and δSˆ zL/2(t) = Sˆ zL/2(t) − 〈Sˆ zL/2(t)〉.
Figure 4 shows C(1)(t) for several system sizes L ∈
{16, 20, 24, 28}. For small system sizes L ∈ {16, 20}, C(1)(t)
has been computed using exact diagonalization, and for L ∈
{24, 28} using Chebyshev polynomials techniques for the
time evolution where the trace has been evaluated stochasti-
cally [46, 47]. As expected, after a short time propagation
(t ∼ O(1)), C(1)(t) relaxes algebraically to zero, C(1)(t) ∼ t−α.
This relaxation to the equilibrium value is subdiffusive, α <
1/2. In agreement with the result in the main text, the ob-
served decay appears to be consistent with the subdiffusive
exponent α = 1/4 for ergodic dipole conserving Hamiltoni-
ans (blue dash-line in Fig. 4).
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Figure 4. Return probability C(1)(t), defined in Eq. 11, for several
L ∈ {16, 20, 24, 28}. C(1)(t) decays to zero algebraically C(1)(t) ∼
t−α, with α consistent with a subdiffusive relaxation α ≈ 1/4. The
dashed-lines ∼ t−0.5 and ∼ t−0.25 are guides for eye.
